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1. Introduction 
Rational languages have been studied in several points of view according to the way 
a language is considered. For instance, a language can be seen as a subset of a free 
monoid and the rational languages are strictly related to the finite automata by Kleene 
theorem, i.e., a language is rational if and only if it can be recognized by a finite 
automaton, or equivalently, if and only if its syntactic monoid is finite. 
A language can also be regarded as a formal series with coefficients in the boolean 
semiring. This leads one to generalize naturally the theory of rational languages to the 
theory of rational series with coefficients in an arbitrary semiring, whereas 
considering the nonnegative integers or reals as coefficients allows one to deal with 
multiplicities and probabilities (weighted grammars). In this consideration, the Kleene- 
Schiitzenberger Theorem is of fundamental importance. Rational series and rational 
languages are strongly related. Languages which are the supports of rational series 
have been extensively studied (see [9,2]). The properties of languages which are sup- 
ports of rational series strongly depend on the coefficient semirings. For instance, when 
the coefficient semiring is N or is finite the rational languages are exactly the supports 
of rational series. This is not generally true. On the other hand, it is well known that 
* E-mail: hw 13@cs.uow.edu.au 
0304-39751981S19.00 @ 1998 - Elsevier Science B.V. All rights reserved 
PIISO304-3975(98)00103-O 
330 H. Wany I Theoretical Computer Science 205 (1998) 329-336 
the characteristic series of a rational language is rational as a series with coefficients 
in an arbitrary semiring. 
The purpose of this paper is to study the connection of rational series and rational 
languages. In Section 2 we briefly review some basic definitions and notation con- 
cerning semirings, rational languages and rational series. In Section 3, we investigate 
the characters of semirings and prove that if R is a commutative semiring which is 
not a ring, then there exists a morphism of semirings from R to the boolean semir- 
ing B = (0, 1). The characteristic series of rational languages are also discussed, we 
show that a language is rational if and only if its characteristic series is rational as 
a series with coefficients in any commutative semiring, consequently every additively- 
idempotent semiring is a Fatou extension of the boolean semiring. In Section 4 we 
prove the finiteness conditions of rational languages in terms of syntactic algebras. 
Finally, in Section 5 we study the supports of rational series with coefficients in com- 
mutative semirings, and prove that the supports of rational series with coefficients in 
a quasi-positive semiring are rational languages. 
2. Preliminaries 
A semiring (R, f, .) consists of a nonempty set R on which we have operations of 
addition and multiplication defined such that: 
(1) (R, +) is a commutative monoid with identity element OR; 
(2) (R, .) is a monoid with identity element 1~; 
(3) Multiplication distributes over addition from either side; 
(4) ORU = OR = 00~ for all a E R; 
(5) OR # 1R. 
When there is no room for confusion we will write 0 instead of OR and 1 instead 
of 1~. One of the most important semirings is the boolean semiring B = (0, l}, the 
operations on which are completely determined by the condition 1 + ! = 1. A semiring 
R is commutative if and only if ab = ba for all a, b E R. Given a pair R, R’ of semirings, 
a morphism $11 R -+ R’ is a function satisfying 
(1) $(a+b)=$(a)+$(b) for all a,bER; 
(2) Il/(ab) = $(a)+(b) for all a, b E R; 
(3) $(OR)=~R~; 
(4) +(lR) = 1R’. 
Let Z be a finite set, called an alphabet. The free monoid C* generated by C is the 
set of all finite sequences UI 2.62 . . . . u, of elements of C, including the empty sequence, 
denoted by R. An element of Z’* is a word and 2 is the empty word. The length (01 of 
a word o is defined as follows: if o = i then l~c)J = 0; otherwise, if w = u1 . . . u, then 
/o( =n. A language is a subset of C*. A rational language is defined in the following 
manner: 
(1) Each finite language is rational. 
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(2) If Lt and L2 are rational languages then L1 U LZ and LlLz = {uv ( u EL, and u E L2} 
are rational. 
(3) If L is rational then the submonoid L* = Un20 L” is rational. 
Rational languages are strictly related to finite automata by Kleene Theorem: a language 
is rational if and only if it is recognized by a finite automaton. 
A formal series over C ulith coejfficients in u semiring R is a function S : C* -+ R. 
The image of a word w under S is denoted by [S,w] and is called the coejficient of 
o in S. The support of S is the language supp(S) = {w E C* ( [S, w] # 0). For each 
language L the characteristic series C(L) is the function C(L): C* --) R defined by 
[C(L), w] = 1 if w EL and [C(L), w] = 0 otherwise. The set of all formal series over C 
with coefficients in R is denoted by R((C*)). 
We can define addition and multiplication in R((C*)) be setting 
[S + r, w] = [S, w] + [T, w] 
[ST, w] = c [S, w’][ T, w”] 
W’W’fZM 
for all S, T E R((Z*)) and all w E Z*. A formal series S E R((C*)) is quasiregu- 
lur whenever [&,I] = 0. In this situation, we can define the star of S by setting 
S* = C,“=, S”. Note that this is well-defined and that we have 
[S”,w]= &n,w 
[ II=0 
for each w E C*. The sum, product, and star operations (applied to quasiregular for- 
mal series) in R((C*)) are called the rational operations. A subset of R((C*)) is 
rutionally closed if and only if it is closed under the rational operations. The small- 
est subset of R((C*)) containing a given subset H of R((C*)) which is closed under 
rational operations is called the rational closure of H. A polynomial is a formal se- 
ries with finite supports. The set of all polynomials in R((Z*)) is denoted by R(.Z*). 
A formal series is rational if and only if it is an element of the rational closure of 
R(C*). 
Kleene-Schiitzenberger Representation Theorem states that a formal series S E 
R((C*)) is rational if and only if there exists a positive integer n and a morphism 
of monoid ,U : C* + (M,(R), .) together with a (1 x n)-matrix E and (n x I)-matrix F, 
both with entries in R, such that [S, w] = Ep(w)F for all w E Z*. The triple (E,,u, F) 
is called a linear representation of S. 
Finally, we note that if y : R ---f R’ is a morphism of semirings and if S E R( (C*)) is 
rational then y(S) = CwEZ* y ([S,w])w is rational in R’((C*)). 
332 H. Wang I Theoretical Compuier Science 205 (1998) 329-336 
3. Characters of semirings 
A character of a semiring R is a morphism of semirings from R to the boolean 
semiring B. We will denote the set of all characters on R, which may very well 
be empty, by char(R) and denote the cardinality of this set by Ichar(R)l. Clearly, 
(char(R)1 = 8 if R 1s a ring. It is proved in [lo] that if R is a commutative semiring 
which is not a ring then char(R) # 0. 
Let R be a semiring. A nonempty subset D of R is a co-ideal of R if and only if 
it is closed under multiplication and satisfies the condition that d + r ED for all d ED 
and all r E R. If A is an arbitrary nonempty subset of R then the set F(A) consisting of 
all elements of R of the form ala2 . . . . .a,+r (with aiEA for all ldidn and rER) 
is a co-ideal of R containing A. Indeed, it is the unique minimal such co-ideal of R for 
if D is a co-ideal of R containing A then D contains all of the elements of F(A). If R 
is not a ring then it must have a maximal proper co-ideal. Indeed, consider the set M 
of all co-ideals of R not containing 0. This set is not empty since F({ 1)) E M as a 
consequence of the assumption that R is not a ring. Surely M is closed under taking 
unions of chains and so the result follows by Zom’s Lemma. 
Note that for each semiring R which is not a ring, any maximal co-ideal must contain 
1. Indeed, if D is a maximal co-ideal of R and if 1 4 D then F(D U { 1)) = R. There 
are now only two possibilities: either d I . . d, + r = 0 for some elements di ED or 
1 + r = 0 for some Y ED. The first of these contradicts the properness of D, while the 
second is impossible since R is not a ring. Therefore we must have 1 ED 
If D is a maximal proper co-ideal we set I = R\D, then it is not difficult to prove 
that I is an ideal of R. We then define a function $ : R + B by setting $(r) = 1 if r ED 
and $(r) = 0 otherwise. The demonstration that this is indeed a morphism of semir- 
ings is straightforward. Thus we have the following lemma which is of fundamental 
importance. 
Lemma 3.1 (Wang [lo, Theorem 2.11). If R is a commutative semiring which is not 
a ring then there exists a morphism of semirings from R to the boolean semiring B. 
We note that the hypothesis of the commutativity of R in Lemma 3.1 is necessary, 
for instance, there exists no morphism from the matrix semiring B”‘” (n 32) to the 
boolean semiring B. On the other hand, according to Eilenberg [4], a semiring R is 
termed positive if for any Y, s E R, r # 0 and s # 0 imply rs # 0 and r + s # 0. Clearly, 
if a semiring R is positive then there exists a morphism of semirings $ from R to the 
boolean semiring B defined by $(Y) = 1 for all Y # 0 and $(O) = 0. It should also be 
noticed that a semiring having characters is not, in general, a positive semiring, for 
example, as we will see later, the product semiring R = N x N of the non-negative 
integer semiring N has characters, but is not a positive semiring. 
Given a language L 5 C”, if L is a ratioanl language then its characteristic series 
C(L) is a rational series in R((C*)) f or an arbitrary commutative semiring R. From 
Theorem 111.2.7 in [2], we know that if R is a commutative ring and C(L) is a rational 
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series in R((Z*)) then L is a rational language. The following theorem generalizes this 
result. 
Theorem 3.1. For an arbitrury commutative semiring R, u lunguage L C C* is rationul 
if and only if its characterstic series C(L) is u rutionul series in R( (C*)). 
Proof. Necessity is well known. We prove the sufficiency. By Theorem 111.2.7 in [2], 
we only need to consider the case when R is not a ring. Then, by Lemma 3. I, there 
exists a morphism of semirings $: R ---f B. Thus, C(L) = $(C(L)) = xwEL w E B((E*)) 
is a rational series in B((C*)). It follows that L is a rational language, since the fact 
that a language L is a rational language is equivalent to that C(L) is a rational series 
in B((C*)). 0 
Let K c R be two semirings. R is called a Futou extension of K if every rational 
series in R((C*)) with coefficients in K is a rational series in K((C*)). For instance, 
Q+ is a Fatou extension of N, and R+ is not a Fatou extension of Q+. 
A semiring R is additiveLy idempotent if r + r = r for all r E R. It is easy to see 
that a semiring R is additively idempotent if and only if 1 + 1 = 1, or equivalently, if 
and only if R contains the boolean semiring B as a subsemiring. By Lemma 3.1 we 
immediately have 
Theorem 3.2. Every additively idempotent semiring is a Futou extension of’ the 
booleun semiring B. 
4. Syntactic algebras of languages 
The notions of syntactic congruence and syntactic monoid of a language play an 
important role in the studies of rational languages. For a formal series with coefficients 
in a field, or a commutative ring, Reutenauer [S] introduced the similar concepts of 
syntactic ideal and syntactic algebra. To each formal series, one can associate its syn- 
tactic algebra. Then the Kleene-Schiitzenberger theorem can be stated in the following 
way: a series is rational if and only if its syntactic algebra has finite rank. Later, 
Arz [J] generalized Reutenauer’s construction to the more general setting of a formal 
series with coefficients in commutative semirings. The notions of syntactic congru- 
ences and syntactic algebras turn out to be very useful in the studies of languages; see 
12, 11. 
Let R be a commutative semiring. The R-algebra of polynomials R(C*) is a free 
R-semimodule having the free monoid C* as basis. The set R((C*)) of all formal series 
can be identified with the dual of R(C*) in the following sense: the set Hoq(R(C*), R) 
of all R-homomorphisms of semimodules from R(C*) to R has the structure of a left 
R-semimodule in a canonical way, and R((C*)) is isomorphic to HomR(R(C*),R) as 
left R-semimodules. 
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Thus, to each S E R( (C*)) we can associate an R-homomorphism 5s of semimodules 
from R(C*) to R, which is defined by 
for all P E R(C*). 
Let S be a formal series in R((C*)). We define a relation ES on R(C*) by 
PI --s f’2 * zs(QP, Q’> = dQ&Q’) 
for all Q,Q’ E R(Z*). From [l] we know that Z.S is a congruence of R-algebra on 
R(C*). We call ES the syntactic congruence of S. 
The syntactic algebra of a formal series S E R((C*)), denoted by As, is the quotient 
R-algebra of R(C*) by the syntactic congruence ES. An R-algebra A has finite rank 
over R if it is finitely-generated as an R-semimodule. 
Lemma 4.1. Let R be a commutative semiring and SE R((C*)) be a formal series. 
If the syntactic algebra As of S has finite rank, then S is u rational series. 
Proof. Similar to the “only if” part of Theorem II.l.1 in 121. q 
We note that by Theorem II. 1 .l in [2] if R is a commutative ring then the converse 
of the above lemma is also true. It remains open whether it still holds for the case of 
arbitrary semirings. 
For each language L 2 I* and a given commutative semiring R, let M denote the 
syntactic monoid of L, i.e. A4 = C’/ NL, where -L is the syntactic congruence of L. 
Let R[M] denote the R-algebra over the monoid M. Then there exists a homomorphism 
II/ of R-algebras from R(C*) to R[M] which is the linear extension of the canonical 
morphim of monoids from C* to M. On the other hand, we can consider the syntactic 
R-algebra AC(L) of the characteristic series C(L) of L. It is natural to ask if there is a 
relation between RIM] and AC(L). It is proved in [S] and [l] that AC(L) is a quotient 
algebra of R[M]. In general, R[M] needs not be isomorphic to AC(L); see [2]. 
Theorem 4.1. Let R be a commutative semiring and L g C* be a language over C. 
Then the following conditions are equivalent: 
1. ACtLJ has j&tire rank; 
2. R[M] has finite rank; 
3. L is a rational language. 
Proof. The equivalence of (2) and (3) is immediate since L is a rational if and only 
if M is finite. 
(2)+(l): As we noted that AC(L) is a quotient algebra of R[M], so (2) implies (1). 
(l)+ (2): If AC(L) has finite rank, we know, by Lemma 4.1, that C(L) is a rational 
series in R( (C*)). By Theorem 3.1, L is a rational language, establishing the desired 
result. 0 
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5. Rational series and rational languages 
Lemma 5.1. If R is finitely generated commutative semiring, then /Char(R)1 < cx). 
Proof. Assume that R is generated by rl,r2,. . . ,r,,. We claim that for each char- 
acter Ic/ E Char(R), it is uniquely determined by $(ri), for all 1 <i<n. Indeed, for 
$, cp E Char(R) with Il/(ri) = cp(ri) for all 1 <i<~, since each element r E R can be 
expressed by finite sums of the form rf’ ri2 . r$, it follows that $(r) = cp(r) for all 
r E R. So IJ = cp. Since there are at most 2” characters such that they are different at 
rl,rz,...,r,, this proves our result. 0 
Denote QR = {r E R 1 r”+g # 0 for all g E Rand n E N}. We call QR the quasi-positive 
part of R. A semiring R is called quasi-positive if R = QR U (0). For instance, the 
product semiring R = N x N of the non-negative integer semiring N is a quasi-positive 
semiring. Thus, as we mentioned before, the notion of a quasi-positive semiring is a 
generalization of that of a positive semiring. 
Lemma 5.2. Let R be a commutative semiring and r be an element of R. Then there 
exists a character $ of R such that e(r) = 1 if and only if r E QR. 
Proof. If there exists a character $ such that $(r) = 1 then r E QR. Otherwise, there 
exists g E R and n E N such that r” + g=O, it follows that $(r)” + Ii/(g)= $(O) and 
so 1 + $(g) = 0, a contradiction. Conversely, for r E QR, the co-ideal generated by 
r, F({r}), is not equal to R, and so, as we saw previously, r is contained in some 
maximal co-ideal D of R. Thus there exists a character $ of R satisfying IC/(d) = 1 for 
all d E D, and so in particular $(r) = 1. 0 
If R is a commutative semiring and S E R( (Z*)) is a rational series then the support 
of S is not necessarily a rational language. For instance, let R = Z and let C = {x, y}. 
The series S = xwEC* ( (WI, - (WI?, ) w is a rational series. But suppt(S) = {w E C* 1 IwI,~ 
# Iw/,} is not a rational language. For details refer to [2, p. 421. 
Let S be a formal series in R((Z*)) and let A be a subset of R. We denote by 
S-‘(A) the language S-‘(A)={~EC*IO#[S,~]EA}. 
Theorem 5.1. Let R be a commutative semiring. If S E R((C*)) is a rational series 
then S-‘(QR) is a rational language. 
Proof. If S E R((C*)) is rational we associate with it a linear representation (E, p, F). 
Since C is finite, the subsemiring RI of R generated by the entries of E,p(v) (where 
v E C or v = 2) and F is a finitely-generated semiring with set of generators {r,, . , tm}. 
We note that S is a rational series in RI ((Z*)). By Lemma 5.1, IChar(Rl)j is finite, 
we may assume char(Rl ) = ($1,. . . , $k}. Then $i(S) E B( (C*)) is a rational series for 
all 1 <i<k. It follows that cF=, i&(S) is a rational series in B((Z*)). By Lemma 5.2, 
S-‘(QR)=supp(C~=I $;(S))= UG, supp(&(S)) and so it is a rational language. 0 
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Corollary 5.1. Let R be a commutative semiring which is not a ring and S be a 
rational series in R((Z*)). Then the following conditions are equivalent: 
1. supp(S) is a rational language; 
2. T= CwEsupp(S) ([SW] + 1)~ is a rational series in R((C*)); 
3. S-‘(R\Qs) is a rational languages. 
Proof. The equivalence of (1) and (3) immediately follows from Theorem 5.1 and the 
fact supp(S) = S-‘(QR) U S-‘(R\QR). 
(l)+(2): If supp(S) is a rational language, then C(supp(S)) is a rational series in 
R((C*)). It follows that T = S + C(supp(S)) = C wEsuPP(Sj([S, w] + 1)~ is a rational 
series. 
(2)+ (1): Assume that T = ~wEsUPP~s~ ([S, w] + 1 )w is a rational series in R( (C*)). 
Since for each w E supp(S), we have ([S, W] + 1) E QR and supp( T) = supp(S), by 
Theorem 5.1 it follows that supp(S) is a rational language. Cl 
Corollary 5.2. If R is a quasi-positive commutative semiring then the support of any 
rational series in R((C*)) is a rational language. 
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